Abstract. The authors introduce a class of pseudodifferential operators, whose symbols satisfy completely inhomogeneous estimates at infinity for the derivatives. Continuity properties in suitable weighted Sobolev spaces of L p type are given and L p microlocal properties studied.
Introduction
A vector weighted pseudodifferential operator is characterized by a smooth symbol which in general satisfies the estimates: Here m(ξ) is a suitable positive continuous weight function, which indicates the "order" of the symbol, and Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)) is a weight vector that estimates the decay at infinity of the derivatives; see the next Definition 2.6. The paper must be considered in the general framework given by the symbol classes S λ (φ, ϕ) and S(m, g), introduced respectively by R. Beals [1] and L. Hör-mander [10] , [11] . Particularly we follow here the approach of Rodino [13] , where a generalization of the Hörmander smooth wave front set is given, and Garello [4] , where the extension to the inhomogeneous microlocal analysis for weighted Sobolev singularities of L 2 type is performed. In a previous work [7] we studied continuity and microlocal properties of quasi homogeneous L p type, for pseudodifferential operators of zero order, whose symbol M ≥ |ξ j |, for any j = 1, . . . , n. Assuming that a similar condition is satisfied by the components of the weight vector in (1.1) (see Definition 2.1), in Section 2 we obtain a family of weight vectors which define, via (2.17), a class of L p bounded pseudodifferential operators. In the study of the microlocal properties of these operators, the main problem arises from the lack of any homogeneity of the weight vector Λ(ξ); this does not allow us to use in a suitable way conic neighborhoods in R n ξ , as done in the classical definition of the Hörmander wave front set, see [11] and the quasi-homogeneous generalization given in [7] . Following now the approach in [13] , [4] and [8] , suitable neighborhoods of sets X ⊂ R n ξ are introduced in Section 4; they allow us to derive in Section 5 useful microlocal properties. Finally, in Section 6 the microlocal results are expressed in terms of m-filter of Sobolev singularities, following the approach in [4] .
Vector weighted symbol classes
Definition 2.1. A vector valued function Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)), ξ ∈ R n , with positive continuous components λ j (ξ) for j = 1, . . . , n, is a weight vector if there exist positive constants C, c such that for any j = 1, . . . , n:
As usual we denote, for ξ ∈ R n : ξ = 1 + |ξ| 2 Definition 2.2. A positive real continuous function m(ξ) is an admissible weight, associated to the weight vector Λ(ξ), if for some positive constants N, C, c
We say that a vector valued function Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)) is slowly varying if condition (2.3) is satisfied. Analogously, a function m = m(ξ) satisfying condition (2.5) is said to be slowly varying with respect to the weight vector Λ, while m is temperate when condition (2.4) holds true. Considering respectively ξ = 0 and η = 0 in (2.4) it follows that
We say that two weights m(ξ),m(ξ) are equivalent, and write m(ξ) m(ξ),
is equivalent to Λ(ξ), ifλ j (ξ) λ j (ξ), for any j = 1, . . . n. It is trivial thatm(ξ) andΛ(ξ) are respectively admissible weight and weight vector.
quasi-homogeneous polynomial , where M = (m 1 , . . . , m n ) ∈ N n , and min
is a weight vector. , where V (P) is the set of the vertices of a complete Newton polyedron P as introduced in [9] , see also [2] ; in this case, the value µ in the definition of Λ(ξ) and in condition (2.6) is the formal order of P. 3. Any positive constant function on R n is an admissible weight associated to every weight vector Λ(ξ). 4. For any s ∈ R, the functions ξ
s are admissible weights for the weight vectors respectively defined in 1. and 2.
Remark 2.3. Consider a function λ(ξ) satisfying the slowly varying condition (2.6).
µ , using moreover (2.1), we obtain that λ(ξ) satisfies the temperance condition (2.4) with constant N = µ. Proposition 2.4. For Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)) weight vector, the function:
is an admissible weight associated to Λ(ξ) and it moreover satisfies (2.6).
Proof. In view of (2.2) and (2.7), the assumption
Then for suitably small c, we obtain from the slowly varying condition (2.3) and some C > 0:
, for any j = 1, . . . , n. It then follows:
satisfies (2.6) and in the same way we can prove that it fulfils (2.5). Then by means of the previous remark we conclude the proof. 
N ; then interchanging ξ and η we immediately obtain that 1/m is temperate. The remaining part of the proof is then trivial.
Definition 2.6.
For Ω open subset of R n , Λ(ξ) weight vector and m(ξ) admissible weight, the symbol class S m,Λ (Ω) is given by all the smooth functions a(x, ξ) ∈ C ∞ (Ω×R n ), such that, for any compact subset K ⊂ Ω and α, β ∈ Z n + , there exists c α,β,K > 0 such that:
where, with standard vectorial notation,
S m,Λ (Ω) turns out to be a Fréchet space, with respect to the family of natural semi-norms defined as the best constants c α,β,K involved in the estimates (2.8).
Remark 2.7. Let Λ(ξ) be the weight vector according to Definition 2.1 then:
1. considering now the constants C, c in (2.1) and N in (2.4), the following relation with the usual Hörmander [11] 
, with continuous imbedding. In particular the identity S m1,Λ (Ω) = S m2,Λ (Ω) holds true, as long as m 1 m 2 . When the admissible weight m is an arbitrary positive constant function, the symbol class S m,Λ (Ω) will be just denoted by S Λ (Ω) and a(x, ξ) ∈ S Λ (Ω) will be called a zero order symbol. 3. Since for any k ∈ Z + the admissible weight π(ξ) −k is less than C k ξ −ck , then for m admissible weight we have
On the other hand a(x, ξ) ∈ S −∞ (Ω) means that
Then setting, for any fixed α ∈ Z n + and arbitrary
4. Using (2.8), (2.4), (2.1) and (2.2), it immediately follows that for any α, γ ∈ Z
(Ω), 0 < ρ ≤ 1, are the symbol classes defined in [14] given by all the symbols a(x, ξ) ∈ S r ρ,0 (Ω) such that for any γ ∈ {0, Proposition 2.8. Given a weight vector Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)), let π = π(ξ) be the admissible weight defined by (2.7). For any sequence of symbols
Moreover a(x, ξ) is uniquely defined modulo symbols in S −∞ (Ω).
We write
if for every N ≥ 1 (2.12) holds.
Proposition 2.9. Any admissible weight m(ξ) admits an equivalent smooth admis-
Proof. For fixed ε > 0, in the set of smooth compactly supported functions C ∞ 0 (R n ), consider a non negative ϕ(ζ) such that |ζ j | ≤ ε for every j = 1, . . . , n in supp ϕ(ζ) and ϕ(ζ) = 1 when |ζ j | ≤ ε 2 , j = 1, . . . , n. Taking now the weight vector Λ(ξ) = (λ 1 (ξ), . . . , λ n (ξ)), we set:
Notice now that in the support of Φ(ξ, η) one has |ξ j − η j | ≤ ελ j (η), for any j = 1, . . . , n, and Φ(ξ, η) is identically equal to 1 when
The same is true when Φ(ξ, η) = 1 by changing
Here χ B(ξ) and χB (ξ) are the characteristic functions respectively of the cube
λ j (ξ). Set now:
Since for ε < c 2n and any j = 1, . . . , n, |ξ j − η j | ≤ ελ j (η) in supp Φ(ξ, η), it follows from (2.3) and (2.5), m(η) ≈ m(ξ) and λ j (η) ≈ λ j (ξ), for any j = 1, . . . , n, theñ m(ξ) m(ξ). Moreoverm(ξ) is obviously smooth and for any α ∈ Z n + :
Since supp ∂ α ζ ϕ ⊂ supp ϕ, we obtain, for some positive constant M α :
which concludes the proof.
Thanks to the relations with the Hörmander symbol classes (2.9), we can define for a(x, ξ) ∈ S m,Λ (Ω) the pseudodifferential operator 
Proposition 2.10 (symbolic calculus). Let m(ξ), m (ξ) be admissible weights associated to the same weight vector Λ(ξ) and
, where b(x, ξ) ∈ S mm ,Λ (Ω), and 
Weighted Sobolev spaces
Consider the class of global symbols S m,Λ given by the smooth functions a(x, ξ) ∈ C ∞ (R 2n ) which satisfy
Then the pseudodifferential operators in OpS m,Λ defined by (2.17) map continuously S(R n ) to S(R n ) and may be extended to bounded linear operators from S (R n ) into itself. Thanks again to the arguments in Remark 2.7, every pseudodifferential operator with zeroth order symbol in S Λ , maps continuously
The symbolic calculus in Proposition 2.10 is true again for a(x, D) ∈ Op S m,Λ and b(x, D) ∈ Op S m ,Λ . Moreover Proposition 2.9 assures that Vector weighted L p microlocal propertiesm(ξ) admits an equivalent weight which is a symbol in S m,Λ . Without loss of generality, from now on we consider m(ξ) ∈ S m,Λ . We can then define for 1 < p < ∞ the weighted Sobolev space of L p type: 
(Ω) for any 1 < p < ∞. Proposition 3.1. Consider m, m admissible weights and a 1 (x, ξ) ∈ S m ,Λ , a 2 ∈ S m ,Λ (Ω), then for any p ∈]1, ∞[ we have:
If moreover a(x, D) is a properly supported operator in OpS m ,Λ (Ω) then:
Proof. Since m/m is an admissible weight, the symbolic calculus in Proposition 2.10 assures that
is a pseudodifferential operator with symbol in S Λ . Thanks now to the L p continuity of Op S Λ , we obtain:
Since S(R n ) is dense in H By standard arguments the proof applies to (3.6),(3.7), (3.8).
Definition 3.2 (elliptic symbols).
A symbol a(x, ξ) ∈ S m,Λ (Ω) is elliptic if for any compact K ⊂⊂ Ω there exist c K > 0 and R K > 0 such that: 
where ρ(x, ξ) ∈ S −∞ (Ω) and Id denotes the identity operator.
See [12, Theorem 1.3.6] for the proof of the above result. 
The Λ-neighborhood of a set X ⊂ R n with length ε > 0 is defined to be the open set:
Moreover for x 0 ∈ Ω we set:
where B ε (x 0 ) is the open ball in Ω centered at x 0 with radius ε. Noticing that Λ(ξ) is a weight vector according to [13] , the following properties of Λ-neighborhoods can be immediately deduced from [13, Lemma 1.11] (see also [8] for an explicit proof). For every ε > 0 a suitable ε * (depending only on ε and Λ), satisfying 0 < ε * < ε, can be found in such a way that for every X ⊂ R n :
In view of [13, Lemma 1.10], one can also prove that for arbitrary ε > 0 and X ⊂ R n there exists a symbol σ = σ(ξ) ∈ S Λ such that supp σ ⊂ X εΛ and σ(ξ) = 1 if ξ ∈ X ε Λ , for a suitable ε , 0 < ε < ε depending only on ε and Λ. Moreover for every x 0 ∈ Ω there exists a symbol τ 0 (x, ξ) ∈ S Λ (Ω) such that supp τ 0 ⊂ X εΛ (x 0 ) and τ 0 (x, ξ) = 1, for (x, ξ) ∈ X ε * Λ (x 0 ), with a suitable ε * satisfying 0 < ε * < ε.
at the point x 0 ∈ Ω, there exists a suitable ε > 0 such that (4.1) is satisfied in X εΛ (x 0 ), that is for suitable constants C, R > 0
Proof. Let the symbol a(x, ξ) ∈ S m,Λ (Ω) be microlocally elliptic in X ⊂ R n at the point x 0 ∈ Ω and let ξ 0 ∈ X be arbitrarily fixed.
Since Ω is open, a positive ε * can be found in such a way that B ε * (x 0 ) := {x ∈ R n : |x − x 0 | ≤ ε * } ⊂ Ω; for 0 < ε < ε * and (x, ξ) ∈ X εΛ (x 0 ), a Taylor expansion of a(x, ξ) about (x 0 , ξ 0 ) gives
where it is set (x t , ξ t ) := ((1 − t)x 0 + tx, (1 − t)ξ 0 + tξ) for a suitable 0 < t < 1.
In view of (2.3), (2.5), ε > 0 can be chosen small enough such that
7) for a suitable constant C > 1 independent of t and ε. Then (4.6), (4.7) give
with a suitable constantĈ > 0 independent of ε. Let the condition (4.1) be satisfied by a(x, ξ) with positive constants c 0 , R 0 . Provided 0 < ε < ε * is taken sufficiently small, one can find a positive R, depending only on R 0 , such that |ξ| > R and |ξ j − ξ
and then |ξ| ≤ |ξ
Hence, it is sufficient to choose R such that R > R 0 + nCε
then (4.8) and (4.9) give for (x, ξ) ∈ X εΛ (x 0 ) and |ξ| > R
up to a further shrinking of ε > 0. From (4.10), the condition (4.4) follows at once, by using that m(ξ) ≈ m(ξ 0 ). where c(x, ξ) ∈ S Λ (Ω) is rapidly decreasing in X rΛ (x 0 ) for a suitable r > 0.
Proof. We follow the same arguments used for the proof of [8, Theorem 1] . By Proposition 4.2, there exists ε > 0 such that a(x, ξ) is microlocally elliptic at
, for a suitable 0 < ε < ε, and supp τ 0 ⊂ X εΛ (x 0 ). We define b 0 (x, ξ) by setting
Since a(x, ξ) satisfies (4.4), with suitable constants C, R, b 0 (x, ξ) is a well defined Proposition 4.5. For x 0 ∈ Ω, X ⊂ R n , u ∈ D (Ω), 1 < p < ∞, the following properties are equivalent: i) there exists an operator a(x, D) ∈ OpS Λ (Ω) whose symbol is microlocally elliptic in X at the point x 0 , such that a(x, D)u ∈ H p m,loc (Ω); ii) there exist a symbol σ = σ(ξ) ∈ S Λ , such that supp σ ⊂ X εΛ , σ(ξ) = 1 when ξ ∈ X ε λ for suitable 0 < ε < ε, and a function φ ∈ C ∞ 0 (Ω), with φ(
Vector weighted L p microlocal properties 13 where c(x, ξ) ∈ S Λ (Ω) is rapidly decreasing in X εΛ (x 0 ) for some 0 < ε < 1. Let σ(ξ) ∈ S Λ and φ(x) ∈ C ∞ 0 (Ω) satisfy the conditions in ii) with suitable 0 < ε < ε. From (4.14) we write 
